This review focuses on the control over the degrees of freedom (DOF) in metasurfaces, which include the input DOF (the polarization, wavelength and incident angle of the input light and some dynamic controls), parameter DOF (the complex geometric design of metasurfaces) and output DOF (the phase, polarization and amplitude of the output light). This framework could clearly show us the development process of metasurfaces, from single-functional to multi-functional ones. Advantages of the multi-functional metasurfaces are discussed in the context of various applications, including 3D holography, broadband achromatic metalenses and multi-dimensional encoded information. By combining all the input and output DOF together, we can realize ideal optical meta-devices with deep subwavelength thickness and striking functions beyond the reach of traditional optical components. Moreover, new research directions may emerge when merging different DOF in metasurfaces with other important concepts, such as parity-time symmetry and topology, so that we can have the complete control of light waves in a prescribed manner. Fig. 1 Schematic of DOF in metasurface designs. The input DOF includes the properties of incident light and working conditions. The output DOF corresponds to the properties of re-radiated light. By controlling the parameter DOF of the complex metasurface, the desired properties and functionalities of output signals can be realized.
Introduction
Metasurfaces, [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] two-dimensional metamaterials with planar and ultrathin nanostructures, have shown exceptional abilities in light manipulation and versatility in optical applications. 7, [16] [17] [18] [19] [20] In contrast to conventional freeform optical devices that are normally bulky, metasurfaces offer fundamentally new methods to control the phase, amplitude, and polarization of light from the re-radiation of subwavelength structures upon illumination. 8, 21, 22 Such a strategy can dramatically decrease the weight and size of optical components, enabling miniaturization and integration for on-chip optical systems. [23] [24] [25] [26] By judiciously engineering the geometric parameters of subwavelength structures, including the width, 27 thickness 28 and orientation, 29 we can design a variety of metasurfaces to manipulate optical waves in an prescribed manner. Many exotic phenomena, such as polarization multiplexing [30] [31] [32] [33] and broadband achromatic responses, [34] [35] [36] which are difficult to achieve with natural materials, have been demonstrated using metasurfaces. In addition, conventional optical elements are typically designed to achieve one single functionality, while multi-functional devices are highly desired for modern photonic applications. With the rapid development of design methodology and nanofabrication technology, metasurfaces that encode multiple functions within a single platform have been successfully demonstrated. 11, 14, 25 Here, we would like to present one distinct design framework based on DOF and provide a comprehensive viewpoint to understand the recent developments of metasurfaces that have evolved from single-dimension to multipledimensions in the functionality space.
As schematically shown in Fig. 1 , the DOF in the metasurface design space can be divided into three parts, including the input, parameter and output DOF, respectively. The input DOF means the initial conditions of the metasurface system, which contains the basic properties of incident light and the active parameters for dynamic controls. This part mainly describes under which conditions a specic metasurface operates. As for the parameter DOF, it is about how to properly design the geometric parameters of the building blocks of metasurfaces and how to arrange them in two-dimensional space. Once the incident condition and the complex design of a metasurface are xed, the output DOF of radiated electromagnetic waves, including the phase, amplitude and polarization modulation, could be determined.
This review article is organized as follows. In Section 2, we will introduce some simple cases of metasurfaces, which can be regarded as a mapping from one input DOF to one output DOF. In Section 3, more complicated metasurfaces with the ability to simultaneously control multiple properties of output light will be discussed. In Section 4, 5 and 6, we will review multiplexed metasurfaces that can realize multiple functions depending on different DOF of input light, like incident angle and polarization. Dynamic metasurfaces, one important subarea aiming to achieve tunable and recongurable functionalities, will be discussed in Section 7. In Section 8, we will focus on controlling multiple output DOF with multiple input DOF. This case is the most complicated but also the most fascinating one. Finally, in Section 9, we provide concluding remarks and an outlook on future directions.
Simple cases of metasurfaces
Phase is one of the most fundamental properties of light, in addition to the amplitude, and polarization. A phase modulation range of 2p is necessary to provide full control of the wavefront. However, if only one single Lorentz resonance is involved in a meta-atom, i.e., the building block of a metasurface, the tuning range of the phase is up to p. 21 In 2011, Capasso's group proposed the generalized laws of reection and refraction with a linear phase variation along the ultrathin interface between two media, 1, 37 as illustrated in Fig. 2a . This is the rst successful experimental demonstration for the ability to achieve a phase coverage of 2p in the mid-infrared region, thanks to the two different plasmonic eigenmodes that arise from the distinct distributions of induced currents. V-shaped metallic structures with different opening angles and orientation angles are designed to have equal phase difference d4 ¼ p/ 4 between eight neighboring building blocks. Such 8-level phase discretization provides great exibility in the control of light beams, for instance, the generation of optical vortices by planar designer metallic interfaces. The V-shaped structures are arranged helicoidally into eight regions (Fig. 2b) to generate a phase shi that varies azimuthally from 0 to 2p, thus producing an optical vortex (Fig. 2c ). If we classify this seminal work into the design framework shown in Fig. 1 , the incident condition can be regarded as linear polarized light with normal incidence. By carefully tuning the geometry shape and size, the operating wavelength can be readily changed. In 2012, Ni et al. demonstrated that in the near-infrared, V-shaped gold antennas with 30 nm thickness can also provide a tunable phase delay from 0 to 2p. 15 The anomalous reection and refraction can be observed for wavelengths from 1.0 to 1.9 mm, which means a broadband effect existing in this system. Besides single-layer V-shaped antennas, metal-insulator-metal (MIM) structures have also been applied to realize full phase modulation in the reection conguration. [38] [39] [40] [41] The metallic nanostructure on the top layer can be patch 39 or H-shaped. 38 When the MIM structure is illuminated by the incident light polarized along one specic direction, electric resonance will be induced on both the nanostructure and the ground plane. Because the two layers are very close to each other, the strong near-eld coupling can create a magnetic resonance. In this system, the geometrical and material parameters of the nanostructure would affect this magnetic resonance and efficiently tune the reection phase delay of each unit structure. The MIM design can overcome several disadvantages of the single-layer V-shaped antennas, including operation limit on cross-polarized light and low conversion efficiency. 39 In addition to introducing multiple resonances of various plasmonic nanoantennas, we can use a strikingly different approach to achieve complete 2p phase modulation by using the so-called Pancharatnam-Berry (PB) phase. It is a geometric phase for le-circularly polarized (LCP) or right-circularly polarized (RCP) light that can be readily achieved via spatially rotating each unit cell. [42] [43] [44] [45] Compared with phase modulation enabled by resonant structures, PB phase is not subject to dispersion, and hence can generate dispersionless phase discontinuities to control light propagation. 46 In this design approach, the phase delay solely depends on the orientation of metallic rod antennas, rather than their spectral responses and the wavelength of the incident light. By arranging the antennas with different rotation angles along the interface, the phenomenon of broadband anomalous refraction has been observed in the visible region. Besides rod nanoantennas, rectangular apertures 47 and U-shaped apertures 48 can also support the similar effect of phase modulation, which work as anisotropic scatters and provide different scattering coefficients for incident light linearly polarized along two directions. 3 However, to realize a high-efficiency PB phase metasurface, the Jones matrix of an anisotropic scatterer should be the same as that of a half wave plate. Zheng et al. demonstrated that by properly choosing the length, width and thickness of Au nanorods (Fig. 2d ), the phase difference between the reection coefficients r l (along the long axis) and r s (along the short axis) approaches p within a wide wavelength range of 600-1000 nm. 29 In the meantime, the conguration maintains very large reection amplitudes over 80% for both linear polarizations. This forms the basis of the high-efficiency geometric metasurfaces. The scanning electron microscope (SEM) image of the fabricated sample and the experimental results are shown in Fig. 2e and f, respectively. A computer-generated hologram with 16-level-phase has been demonstrated for a circularly polarized beam. The diffraction efficiency reaches as high as 80% at 825 nm, making the strategy viable for various practical holographic applications, while it is limited to operation in the reection mode. To achieve high efficiencies in transmission mode in the visible spectrum, in 2014, Brongersma's group described the experimental realization and operation of dielectric gradient metasurfaces. 49 For high-index dielectric nanoantennas, ohmic loss in the metal and the limited scattering cross sections can be avoided, which tremendously increases the transmission efficiency. 6, [50] [51] [52] [53] [54] Polarization is another intrinsic property of electromagnetic waves conveying valuable information in signal transmission and sensing measurements. Conventionally, polarization control utilizes the effect of birefringence or total internal reection 55 in crystals and polymers, giving rise to phase retardation between the two orthogonally polarized wave components. However, this method has limitations of narrow frequency band and low efficiency. Grady et al. have recently demonstrated an ultrathin and broadband terahertz polarization converter, which is capable of rotating a linear polarization state to the orthogonal one in the reection conguration with high efficiency. 56 As Fig. 2g and h show, the converter consists of an array of metallic cut-wires and a metal ground plane separated by a dielectric spacer layer. The interference in the multi-reection process can enhance the overall amplitude of crosspolarized light. This concept is validated by full-wave numerical simulations presented in Fig. 2i . In the frequency range from 0.8 and 1.36 THz, the reection of cross-polarization is higher than 80%, and the co-polarized one is below 5%, representing a broadband and efficient linear polarization converter in the reection conguration. Notably, there is a transmission-type polarization converter using a tri-layer metasurface, whose efficiency is also higher than 80%. 57 A nearly perfect orthogonal polarization conversion has been experimentally observed. Further investigations demonstrated that a freely tunable polarization rotator can be realized in broadband THz range with a three-rotating-layer metallic grating structure. 58 This device can conveniently convert a linearly polarized THz wave to any desired polarization direction with almost perfect conversion efficiency, which has a wide range of applications in analytical chemistry, sensing, imaging, communication technology, etc. In addition to polarization converters working in THz, ultrathin quarter-wave plates 37,59,60 and half-wave plates [61] [62] [63] based on plasmonic metasurfaces have also been designed to manipulate light polarization in the infrared and visible. Compared with traditional wave plates, metasurface can support ultra-broadband responses and background free performances. 37 The last output DOF listed in Fig. 1 is the amplitude of electromagnetic waves. One interesting application for amplitude modulation is the Fresnel zone plate, 64 which consists of a set of radially alternating rings with opaque and transparent properties. Light incident on a zone plate will diffract around the opaque zones and constructively interferes at the desired focus, resulting in focusing and imaging. [65] [66] [67] Besides the zone plate, another important device is metamaterial-based absorbers, [68] [69] [70] [71] [72] [73] [74] [75] which have important applications in sensors, thermal imaging, and so on. The idea of perfect absorbers was proposed for the rst time by Landy et al., who demonstrated absorbance greater than 88% at 11.5 GHz. 76 Composed of two resonators that couple separately to the electric and magnetic components of the incident eld, the structure can absorb all incident radiation with near unity absorbance. Since then, various absorber structures have been designed for frequencies ranging from microwave 77, 78 to terahertz (THz), 79,80 infrared 69,81,82 and even optical frequencies. 83 However, most of these designs use MIM structures, in which the heat generation inside the structures causes some problems such as ultrafast heating, surface melting, and reshaping. To solve these issues, Peng's group reported a new type of absorber constructed with four-tined sh-spear-like resonators (FFRs) as shown in Fig. 2j . 74 Each FFR can be regarded as the combination of two cross-standing, identical U-shaped resonators, covered by a metallic thin lm. Instead of generating strong local elds inside a dielectric interlayer in MIM structures, the electric elds occur in the air region between the tines of FFRs. More than that, the continuous metallic thin lm plays the role of a perfect thermal and electric conductor, increasing the inplane thermal diffusion. The measured spectra in Fig. 2k show that for FFRs with height of 1.4 mm, the reection possesses a clear valley at 1400 cm À1 , while the transmission remains almost zero (less than 0.5%) over the spectral regime from 800 to 2200 cm À1 . Therefore, the absorbance reaches 99.3% at 1400 cm À1 , which approaches perfect absorption. Furthermore, by varying the height from 1.3 to 1.8 mm, the wavenumber of the maximum absorbance can be tuned from 1300 to 1700 cm À1 while the absorbance remains more than 95% ( Fig. 2l ).
Simultaneous control of multiple properties of output light in metasurfaces
In the previous section, we have introduced the basic function of metasurfaces in manipulating the single property of output light, including the phase, polarization and amplitude. For certain important applications, such as holography, beam shaping, and construction of complex wave elds, simultaneous control over both amplitude and phase is required. In traditional holography, the phase modulation relies on light propagation inside the material to accumulate phase, which means the thickness of phase holograms is usually comparable to or larger than the wavelength. In 2013, Ni et al. proposed an ultra-thin metasurface hologram with a thickness of only 30 nm. 84 In this design, the Babinet-inverted, complementary nanoantennas can provide simultaneous amplitude and phase modulation, which generate high-resolution and low-noise holographic images in the visible wavelength range. However, due to the complexity required in designing the antenna geometry, the phase and amplitude were limited to only a few discrete levels. Subsequently, Zhang's group designed a metasurface consisting of C-shaped antennas, 85 as shown in Fig. 3a , in which the phase modulation is determined by the geometrical conguration of each antenna, and the amplitude control is realized by rotating the structure. Therefore, nearly arbitrary complex transmission/reection coefficients can be locally controlled at the interface. To experimentally demonstrate the analysis, the authors have fabricated one sample ( Fig. 3b ) to achieve two diffraction orders, for which the theoretical amplitude and phase distributions are shown in Fig. 3c . From the measured results, two diffraction orders are clearly seen over the frequency range of 0.8 to 1.0 THz (Fig. 3d ). This approach represents a facile and robust way to obtain a metasurface with simultaneous phase control and continuously tunable amplitude prole. Using the similar design principle, Wang et al. have demonstrated several longitudinal manipulations of the holographic images, including shiing, stretching and rotating. 86 Dielectric cubic silicon resonators are used to implement multilevel modulation of both the amplitude and phase in the terahertz regime, and the Rayleigh-Sommerfeld diffraction theory is applied in their design. Fig. 3e shows the electric eld amplitude and phase distributions of the meta-hologram. Fig. 3f and g are the simulated and measured amplitude distributions of the electric eld, respectively, at different locations along the z-axis, the propagation direction. The rotating manipulation of the image can be clearly seen with good quality. The proposed metaholograms offer more freedom in holographic designs and open new avenues towards complex three-dimensional holography.
Another example of simultaneous control of phase and amplitude is the manipulation of Airy beams, [87] [88] [89] which have attracted considerable research interest for their unique properties, such as non-diffraction, self-healing, and self-bending in the absence of any external potential. As shown in Fig. 3h , a simplied metasurface with orthogonal nanorods has been employed to realize Airy beams with simultaneous phase and amplitude modulation. 90 The phase shi of the scattering light can be controlled by the orientation of nanorods while the amplitude can be determined by the length of nanorods. The simulation results in Fig. 3i show the oscillatory phase pattern and exponential decay amplitude distribution along the x-axis, which demonstrate great consistency with the typical Airy beam.
The strategy of simultaneous control can also be used to manipulate the propagation of surface plasmons (SP) and generate arbitrary SP proles. [91] [92] [93] SPs arise from the collective oscillation of electrons excited by photons, and behave as optical surface waves propagating at a metal-dielectric interface. While metasurfaces have successfully demonstrated a number of applications including subdiffractional lithography, 94, 95 SP metalenses, 93, 96, 97 and unidirectional launchers, 98-100 most of these works focus on realizing simple SP proles with a phase-only design. Nevertheless, it is desirable to generate more complex SP proles, which promise opportunities for practical plasmonic applications such as surface displays. For this reason, Xu et al. proposed that an arbitrary prole of the excited SP can be achieved utilizing simultaneous control of phase and amplitude. 101 In Fig. 3j , the simulated results show that by varying the rotation angles q 1 and q 2 , paired slit resonators can generate SPs with any combination of phase and amplitude. Using this strategy, two specic SP patterns, including a square-shaped prole and a circle-shaped prole with nonuniform intensity distribution, have been demonstrated in experiments as shown in Fig. 3k .
Apart from phase and amplitude, novel phenomena can also be induced from simultaneous control of polarization and phase especially in vectorial optics. 102 Traditional methods to realize the simultaneous control requires a combination of multiple discrete optical components like cascaded structures, 103 imposing challenges to further scale down the system to meet the requirement in practical applications. Fig. 4a shows a new kind of dual-layer plasmonic metasurfaces that can simultaneously control the phase and polarization of the transmitted light. 104 The phase is controlled by varying the geometric parameters, while the polarization is ltered by rotating the rectangular nano-apertures, since only optical component along the major axis can transmit through the structure for a circularly-polarized incident beam. In experiments, thirty-six nano-aperture pairs are designed ( Fig. 4b) , realizing a 6-level phase and amplitude modulation. The experimental results for the sample in Fig. 4c show excellent consistency with the prole of a regular polarized beam ( Fig. 4d ). However, the plasmonic metasurface exhibits only 30% efficiency for linearly polarized incidence at 900 nm. To reduce ohmic losses in plasmonic metasurfaces and improve efficiency, dielectric designs 105, 106 have been introduced to generate a desired vectorial optical eld. 107 The unit cell of the dielectric metasurface is schematically depicted in Fig. 4e . It consists of crystalline Si nanobricks placed on a SiO 2 substrate. A nanostructure made of high refractive index materials, such as Si, can support pronounced Mie resonances, 108 producing electric dipole, magnetic dipole, and other high-order modes that are useful for manipulation of light with high efficiency over 85%. By altering the length and width of the nanobrick, the transmitted phase for x-and y-polarized incidence can both be manipulated from 0 to 2p. To demonstrate this function, a focusing lens combined with a quarter-waveplate is designed as Fig. 4f shows, which can convert the incident beam with 45 linear polarization at the wavelength of 1.5 mm into RCP light and realize the focusing effect at the same time. According to the simulation results, the designed metasurface produces a clear and well-dened focal spot for RCP light. Recently, diatomic metasurfaces, 109 in which the unit cell is composed of a pair of orthogonal meta-atoms, were proposed to realize full phase and polarization control. As shown in Fig. 4g , three parameters, including local displacement s, global displacement p and orientation angle j of two orthogonal Au nanorods can be used to simultaneously control the phase and polarization. Therefore, a holographic image with predesigned arbitrary polarization states under a linearly polarized incidence can be achieved. The le panel in Fig. 4h shows a simple demonstration in experiments, in which four sets of diatomic metamolecules are arranged in sequence to make each letter represent one specic polarization. By rotating the directions of the linear polarizer, the experimental results in the right panel of Fig. 4h show the dynamic modulation process of the hologram image at 670 nm, which indicates it provides a new paradigm for applications like polarization-encrypted nanophotonic.
Apparently, the ideal metasurface is to simultaneously control all the three properties for output light, including phase, polarization and amplitude. A single metasurface with such a capability can realize any desired functions in a deep subwavelength thickness, promising revolutionary advances in the elds of integrated photonics. The rst demonstration for this attempt was reported by Lin et al. in 2013. 110 The authors designed a new type of holographic interface that can manipulate the phase, amplitude, and polarization, over a broad wavelength range (Fig. 5a ). The phase control utilizes the concept of detour phase, which originates from the diffraction angle and forms a linear phase ramp. Then the aperture position along the x-axis within each pixel locally controls the phase of the transmitted light. The amount of light passing through the pixel is proportional to the length of the aperture, which can be used to modulate the amplitude. And lastly, polarization modulation can be realized by rotating the orientation angle of the aperture. Using this design, the authors have demonstrated a metasurface to create a radially polarized beam. The experimentally fabricated sample is shown in Fig. 5b , which integrates subwavelength apertures for polarization control and wavelength-scale diffracting apertures for phase and amplitude modulation. The desired hollow intensity distribution of a typical radially polarized beam is shown in the right panel of Fig. 5b , in which blue arrows indicate the directions of polarization. The measured far-eld intensity distributions in Fig. 5c clearly show that the m ¼ +1 beam is radially polarized. In addition to the holographic pattern, the scattering elds and reconstruction of the polarization, amplitude, and phase of the transmitted light are also important in transformation optics, 111 especially for an invisibility cloak. [112] [113] [114] Previously reported invisibility cloaks were limited on special polarizations 113 or encountered amplitude/phase distortions. 112 A 3D fullpolarization clock with the ability to well control all three properties of scattering light was demonstrated using metasurfaces ( Fig. 5d ), in order to have the same phase compensation for any polarization, a closed ring resonator with four-fold rotation symmetry was introduced as the unit cell of the metasurface. The simulation result in Fig. 5e shows that, when the incident angle changes from 0 to 45 , the phase proles for TE and TM polarization with different sizes of ring resonators are very similar and can cover the 2p range while the intensities remain constant. The measured eld distributions of different planes in Fig. 5f demonstrate good cloaking performance for such an invisibility cloak, conrming the effectiveness of simultaneous control of three properties of output light.
Controlling the input wavelengths to realize dispersion control
In the next chapters, including Section 4-6, we will mainly focus on the input DOF for metasurfaces. First of all, we would like to discuss the wavelength, because it is relevant to multispectral achromatic optics. 34, 116, 117 In most cases, resonant nanostructures have limitations in spectral responses, thus hindering multi-wavelength or broadband applications. One straightforward method to realize multi-wavelength devices is to combine different plasmonic nanostructures that work at different wavelengths. [117] [118] [119] [120] [121] Using this design, Huang et al.
reported a multicolor meta-hologram that is able to produce images in three primary colors as Fig. 6a shows. 119 The unit cell is composed of aluminum nanorods that support surface plasmon resonances for red (R), green (G), and blue (B) light. Under linearly polarized illumination, three images, that is, R, G and B, can be clearly observed in the hologram plane. To further increase the effective efficiency, dielectric metasurfaces can be used alternatively. In 2016, Li's group showed a silicon metasurface in the visible as shown in Fig. 6b , enabling wavefront manipulation for R, G, and B light simultaneously. 121 The strong connement of the elds inside these Si nanoblocks substantially suppresses their interactions between each nanoblock, so that the phase for each color can be manipulated independently. A highly dispersive metahologram projects distinct images: a ower, a peduncle and a pot, respectively, at R, G, and B wavelengths. The efficiency is around 50%, one order of magnitude higher than those of plasmonic color holograms demonstrated before. 119 Besides integrating different nanoparticles on a single plane, multilayers metasurfaces can also be designed to work for different wavelengths. As Fig. 6c shows, Avayu et al. 116 introduced a scheme of cascading three layers of metasurfaces, where each layer is optimally designed for a specic color. Using this approach, the authors demonstrated an achromatic metalens operating at R, G and B wavelengths. All these demonstrations open a new door to ultra-thin achromatic optical elements with multiple functionalities.
Another interesting method to control the phase for different wavelengths is to engineer the dispersion. 34, 35, 122, 123 It is known that material dispersion, meaning the refractive index varies with the frequency, oen limits the practical applications of optical lenses because of chromatic aberration. Moreover, the phase difference through light propagation in free space with various wavelengths can also generate large dispersion. However, these two limitations can be addressed by an engineered wavelength-dependent phase shi via a metasurface. 34 Fig. 6d depicts the side view of a unit cell that comprises two coupled rectangular dielectric resonators. The scattering spectrum in Fig. 6e demonstrates that the low-loss dielectric resonators can introduce multiple optical modes to enable dispersive phase compensation. Using this strategy, a sample that deects three wavelengths, including 1300, 1550 and 1800 nm, by the same angle has been successfully demonstrated in experiments (Fig. 6f) . Apart from realizing the achromatic phase, which can also be regarded as zero-dispersion, 35 interesting phenomena like hyper-negative dispersion can be realized by this approach. 35 More recently, using the similar design principle, Capasso's group reported dispersionengineered metasurfaces with distinct functionalities controlled by wavelengths, 123 which open a path to applications such as compact multiwavelength beam generation. As schematically shown in the le panel of Fig. 6g , the unit cell consists of a titanium dioxide nanopillar, a thin silicon dioxide spacing layer and a silver substrate. In this design, sharp resonances can effectively decouple the realized phases at different wavelengths by properly tuning the geometric parameters, so that independent control of metasurfaces functions, such as the wavelength-multiplexed orbital angular momentums generation illustrated in the right panel of Fig. 6g , can be achieved at discrete wavelengths. Fig. 6h shows the simulated results in phase space at 460, 540 and 700 nm, respectively, in which each circular point corresponds to a specic designed nanopillar and color map represents the pillar width. In principle, we can expand the number of operating wavelengths to accommodate integration of more complex functionalities.
Up to now, we have focused on the wavelength control at several discrete values. None of them realizes the continuous broadband dispersion management. 36, 124 However, for applications like metalenses, the achromatic performance is required over a wide wavelength range, because usually the illumination source or the signal covers a substantial bandwidth. One breakthrough of an achromatic metalens (AML) was demonstrated by Khorasaninejad et al. in 2017. 124 As illustrated in Fig. 7a , the AML comprises titanium dioxide nanopillars on a substrate, which can be fabricated by a one-step lithography process. Fig. 7b plots the simulated and experimental results of the focal length of the AML as a function of wavelength, which shows a constant focal length across an entire wavelength range from 490 to 550 nm. These results unambiguously demonstrate the achromatic behavior of the AML in the visible range and manifest opportunities for the development of novel optical components with dispersionless performances. Soon aer, Wang et al. proposed a design principle to realize achromatic meta-devices that can eliminate the chromatic aberration over a continuous wavelength for circularly-polarized light in a reection scheme. 36 From the SEM image of the fabricated metalens presented in Fig. 7c , one can see that a set of integrated-resonant unit elements are arranged in a ring form. These elements are designed with linear and smooth phase dispersion combining with geometric phase, which can provide the phase compensation between different wavelengths. This approach enables the phase compensation up to 2p and a fairly high efficiency at most wavelengths. The performance of the achromatic converging metalens has been systematically investigated over a broad infrared bandwidth ranging from 1200 to 1680 nm (Fig. 7d) . The broadband achromatic metadevices based on this approach may accelerate a complete class of designs for full-color light manipulation. For practical applications, transmission-type components are more useful and convenient than reective ones. Two important papers have been independently published almost at the same time for this reason. 125, 126 One of them used gallium nitride to construct unit elements to support waveguide-like resonant modes in the visible regime. 125 Resonant unit elements were implemented as the building blocks in order to introduce integrated resonances for required phase compensation. 36 The simulated phase and amplitude response are plotted in Fig. 7e , demonstrating that the phase compensation reaches 1050 . The focal length of the metalens remains unchanged as the incident wavelength varies from 400 to 660 nm, indicating that the chromatic aberration is eliminated across about 49% bandwidth with respect to the central working wavelength. Remarkably, the average efficiency of the metalens with a numerical aperture of 0.106 is about 40% over the entire visible spectrum. Finally, the authors showed fullcolor imaging using the achromatic metalens ( Fig. 7f and g) , demonstrating that their design has great potential for fullcolor optical techniques and applications. In the other work, TiO 2 nanostructures as shown in Fig. 7h and i were introduced to engineer the frequency dependent phase prole, 126 which can achieve appropriate control of dispersion over a large continuous bandwidth in the visible. The authors demonstrated diffraction-limited achromatic focusing and achromatic imaging from 470 to 670 nm in Fig. 7j . With the well-developed design principles, more requirements can be incorporated into achromatic metalenses, such as polarization independence, as demonstrated by recent works in the near-infrared and visible region. 127, 128 All these exciting works are expected to impact both industry and scientic research in the areas of microscopy, lithography, endoscopy and virtual and augmented reality.
Controlling the input polarization to realize polarization multiplexing
The second input DOF we want to discuss is the polarization. A polarization-dependent focusing lens operating at far-infrared wavelengths was demonstrated by Hasman et al. in 2003, 129 while it was not coined metalens. Then the concept of dual polarity was introduced by Chen et al. 130 into metasurfaces in 2012. Instead of only considering one input polarization as in previous works, 1,15 the authors controlled both RCP and LCP light, realizing a dual-polarity tunable plasmonic metalens for visible light. This work and others show tremendous potential in helicity-dependent focusing, sensing and imaging devices, 27, 32, [131] [132] [133] angular-momentum-based quantum information processing [134] [135] [136] and directional coupling of surface plasmon polaritons. 30, 137, 138 Another work (Fig. 8a) adopted a thinning technique to investigate interleaved sparse nanoantenna matrices. 136 With the spin-enabled asymmetric harmonic response, such a metasurface is able to achieve helicity-controlled multiple structured wavefronts, including vortex beams carrying orbital angular momentum. For traditional segmentation methods, in which the aperture is spatially divided into separated subarrays imprinted with different phase functions, the reduction of angular resolution is inevitable. While for the interleaved approach, in which multiple desired phase proles are interleaved within the entire aperture, the simulated results demonstrate signicantly enhanced angular resolution. This thinning procedure can be implemented using combinatorial algorithm and fractal arrangement to achieve sufficient bandwidth, and desired functionality. The sharedaperture metasurface platform introduces multiple DOF and opens a pathway to innovative nanophotonic devices and systems. 139 Polarization-multiplexed holograms for linearly polarized light was proposed in the reected plasmonic system at the very beginning, 27 while soon extended to transmissive dielectric metasurfaces. 31 As shown in Fig. 8b , a metasurface consists of high-contrast dielectric nanoposts could function as a polarization beam splitter. The nanopost, which can be regarded as a waveguide with an elliptical cross-section, has different phase responses for x-and y-polarization owing to the different effective refractive indices along the two ellipse axes. The experimental results clearly show that this beam splitter could deect x-and y-polarized light to different directions, with an efficiency ranging from 72% to 90%. The idea of utilizing the polarization of incident light as another DOF provides opportunities to achieve multi-dimensional/multi-functional metasurfaces and can be further extended to other polarizations like circularly polarized light. 32, 131, 140, 141 As shown in Fig. 8c , a broadband helicity multiplexed metasurface, which consists of two sets of unit cell working at two orthogonal helicities independently, shows the holographic images "ower" at the le side and "bee" at the right side for LCP incident light. When the incident light is switched to RCP, the two images are swapped in position. The conversion efficiency remains higher than 40% from 620 nm to 1020 nm. In order to achieve a polarization multiplexed hologram for arbitrary orthogonal polarization states, 139 a metasurface composed of silicon nanoblocks with different geometric sizes and orientation angles was reported. 142 In this structure, the propagation phase, which is determined by the dimensions of silicon nanoblocks, and the geometric phase, which is determined by the rotation angle, were combined to achieve arbitrary phase proles for any set of orthogonal polarization states ( Fig. 8d and e ). The holograms display "dog" and "cat" images for RCP and LCP illumination, respectively, as shown in Fig. 8f . This approach further extends the polarization from linear to any polarization state, which could signicantly broaden the scope of polarization-sensitive hologram devices.
Controlling the incident angle to realize angle multiplexing
In practical applications, very oen we require that optical devices have tolerance to the angle of incidence. 143 Such a requirement has motivated researchers to investigate metasurfaces with strong angle insensitivity. This is particularly important for perfect absorbers, [144] [145] [146] planar metalenses, 147 and hologram displays. 148 Conventional metasurfaces and most diffractive devices have a similar angular characteristic, because of the weak angular sensitivity of the meta-atoms. However, this fundamental property can be altered by a special design, 149, 150 which is called angle-multiplexed metasurfaces introduced by Kamali et al. in 2017. 149 The unit cell in their design is composed of high-index U-shaped meta-atoms as shown in Fig. 9a , whose responses subjected to incidence from different angles can be controlled independently. The underlying mechanism is the excitation of different resonant modes at the incident angle of 0 and 30 , which is indicated by the distinct eld distributions depicted in Fig. 9b . Since the different resonant modes at the two angles are directly related to the geometric parameters of the meta-atoms, a properly designed meta-atom is capable of generating two arbitrary phase proles independently, implying that the incident angle could be regarded as another degree of freedom. In this work, the holographic images of Caltech and LMI were created at the incident angle of 0 and 30 , respectively. As shown in Fig. 9c , the experimental results agree well with the simulation results. Cascaded multilayer metasurfaces, with each layer performing a predened mathematical transformation, can also realize the similar function. 150 Fig. 9d is the schematic illustration of the cascaded metasurfaces, in which two metasurfaces are patterned on the opposite sides of a glass substrate. The entire device is designed as a retroreector to reect light along the opposite direction of the incident beam over a broad range of incident angles. Such a function is rather challenging, because angular correlation exists in diffractive devices and traditional metasurfaces. Here, when light with different incident angles passes through metasurface I, which was designed as a converging lens, it would be directed to a different location on metasurface II. Then the light would be reected back along the incident route because of the additional spatial varying momentum imparted by the phase gradient in metasurface II. Using this method, a retroreector consisted of two metasurfaces was fabricated and measured as shown in Fig. 9e . The experimental results in Fig. 9f show good quality of the reected images with the retroreector rotating up to 20 , demonstrating that its effective working range can reach 40 . The angle-multiplexed capabilities are complementary to the previously reported broadband achromatic response and polarization-multiplexed effect, and hence could further expand the functionalities and applications of metasurfaces.
Dynamic control of the metasurfaces
In previous sections, we have discussed the inherent DOF of light waves, which can be used for realizing various metasurfaces with extraordinary advantages. Nevertheless, most of the metasurfaces are static, meaning their functions are xed once the metasurfaces are fabricated. It is of great interest and importance to realize dynamically tunable or recongurable metasurfaces via outer conditions as shown in Fig. 1 , including external elds, [155] [156] [157] [158] mechanical deformation, [159] [160] [161] and phase change materials. [162] [163] [164] [165] For example, vanadium dioxide (VO 2 ), a thermal-sensitive phase change material, has been demonstrated successfully for beam scanning 166 or polarization switching. 167 On the other hand, applying electric elds is arguably the most direct and preferred method to realize dynamic control in liquid crystals, 168 graphene, 89, 155, [169] [170] [171] [172] and ITO. 173 Electrical reprogrammable holograms have been demonstrated in microwave frequencies by integrating electric diodes into the unit cells of metasurfaces. 151 As shown in Fig. 10a , by controlling the DC bias voltage applied on each diode, the reection coefficient of the output electromagnetic waves from the metasurface can be tuned. In order to achieve a dynamic tuning of the hologram, a eld programmable gate array was used to control the phase shi for each single unit. Three different holographic images "P", "K" and "U" are generated using this method. Although this metasurface work at microwave frequencies, in principle it could be extended to higher frequencies like terahertz, which may nd its further applications in security, data storage and information processing. Another effective outer control is mechanical deformation. In most cases, this strategy is realized by embedding plasmonic nanoantennas or dielectric resonators in an elastic substrate, such as elastomeric matrix, 159 stretchable polydimethylsiloxane 160 and transparent elastic polymer. 161 However, these devices only focus on the simple active effect such as spectrum shi and tunable metasurfaces lenses. In 2017, Malek et al. demonstrated recongurable phase-only computer generated metasurfaces holograms fabricated with gold nanorods on a stretchable polydimethylsiloxane substrate, which can show two image planes operating in the visible regime ( Fig. 10b ). 152 Using computational techniques for generating multiplane holograms, the authors designed a two-plane metasurfaces holograms. As the metasurface is stretched, all image planes will move away from the metasurfaces. If the detection plane remains unchanged upon stretching, the observed hologram image changes between different pictures (Fig. 10c) . It shows the possibility to realize the recongurable devices by metasurfaces designed on a stretchable substrate.
Besides the two methods we have mentioned above, phase change materials provide a very nice platform to realize dynamic control, in which external eld can change the effective refractive index and affect the optical response of the metasurfaces. Apart from the perfect absorber, 155 reected phase change, 158, 163 dynamic plasmonic color display 165 is another interesting topic emerged in recent years. In Fig. 10d and e, the periodic array of silver nanodisks are integrated with phase change material VO 2 to achieve dynamic color generation. Because of the insulator-metal transition of VO 2 upon the temperature change, the colors arising from localized surface plasmons can be tuned by controlling the temperature. To further demonstrate this strategy, reection images of a welldesigned "ower" pattern at 20 C (le) and at 80 C (right) are captured (Fig. 10f) , indicating the potential possibilities in a dynamic colorful display system. Moreover, recongurable holograms have also been demonstrated via phase change materials. 154, 174 Moving forward, Liu's group reported chemically active metasurfaces (Fig. 10g ) by utilizing the unique hydrogenation and dehydrogenation characteristics of magnesium (Mg). 154 It can undergo a phase transition from metal to dielectric upon hydrogen loading, forming magnesium hydride (MgH 2 ), while the transition is reversible through dehydrogenation upon oxygen loading, returning to Mg. Consequently, we can repeatably turn on and off the plasmonic response of Mg nanorods in the metasurface and realize a dynamic plasmonic pixel. Using this property, dynamic metasurfaces holograms at visible frequencies have been implemented (Fig. 10h) . By switching the input state of sample P 1 from "On" to "Off", the corresponding holographic pattern of "harmony" diminishes, whereas the pattern of "peace" remains unchanged, verifying the dynamic control of holographic images.
Sophisticated designs for multiple degrees of freedom
In this section, we will discuss several sophisticated metasurface examples published recently, which consider multiple input and output DOF to demonstrate more intriguing phenomena. For the rst example shown in Fig. 11a , the input DOF changes from single-wavelength coherent light to white light and the output DOF also changes from phase to amplitude, producing the holographic image of "3.141592."and the reective colored image of "p", accordingly. Thus, the concept of dual-mode metasurfaces was realized. 175 In the design, when single-wavelength light irradiates on the metasurface, additional phase distribution would be endowed to the transmission light to generate a hologram image, which refers to the transmission mode. Meanwhile, a reective colored image is produced under white light illumination, which represents the reection mode. The unit cell has two parallel identical nanoantennas as shown in Fig. 11b . The simulated crosspolarization transmittance (CPT) spectra shown in Fig. 11c indicate that for two different parameters, the CPT has almost the same value at the target wavelength of 635 nm but different spectrum shapes in the visible range. This means such two parameters can realize the same PB phase response while exhibiting different reected colors. Using this dual-mode metasurface, the authors designed a crypto-display system in the experiment as the schematic shown in Fig. 11a . The optical image of the sample seems to be a normal letter of "p" under white light illumination, but it will generate an encrypted holographic image under coherent light illumination. Considering those two modes are independent of each other, this work can be potentially applied in the security technique. The second example shown in Fig. 11d considers the incident angle, wavelength, and polarization as the input DOF while the amplitude of the printing image is considered for the output responses. 176 In order to achieve multiple printing-image switching controlled by arbitrary input optical parameters, a novel method called "coherent pixel" is introduced in this work. Different from the previous design of multiplexed pixel, 121 here all the identical elements in one pixel contribute as a whole to the printing images with different input conditions. Using this method, the authors have demonstrated novel functionalities, such as incident-angle controlled and polarization-controlled printing images based on multidimensional control under different illumination conditions. As shown in Fig. 11e , the measured images clearly show Chinese words of "Guang Zhou", "Zhong Shan" and "University" with different incident parameters, respectively. Moreover, the authors claim that this method can be further extended for more image switching by increasing the number of elements in one pixel. This method is promising for various applications, including multi-functional at devices and optical encryption.
As for the last example illustrated in Fig. 11f , the input DOF is wavelength and polarization, while the output DOF is phase. 177 As we have mentioned above, in order to achieve multi-functional metasurfaces, extra spatial DOF has been introduced, including interleaved subarrays 136 and different angles. 149 However, in this work, the 6 bit encoded color holograms were achieved by noninterleaved single-size Si nanobrick and minimalist spatial freedom. As shown in Fig. 11g and h, three modes at red, green and blue wavelengths can be supported in the Si nanobricks with appropriate parameters. In this dielectric nanostructure with different rotation angles, 6 bit images which are related to the wavelengths and polarizations can be generated by the interference of the electric dipole and magnetic dipole under six bases of the incident light. Each of the basis corresponds to one monochromatic light with one polarization. Consequently, by combining the six bases in a certain sequence, holographic images with the amount up to 63 could be generated.
Conclusions and outlook
Metasurfaces provide unprecedented opportunities to achieve novel capabilities on a platform with deep subwavelength thickness. In this review, we have used the concept of DOF to understand and analyze multi-dimensional functionalities of metasurfaces. At the early stages of development, metasurfaces mainly focused on light manipulation in one dimension like phase, amplitude and polarization, which could be regarded as transferring one input DOF to one output DOF. We have summarized several methods to efficiently control the single property of propagating light owing to the interaction between designer structures and light, which realize desired performances in applications, such as holograms, polarization converters and perfect absorbers. Furthermore, simultaneous control of multiple output DOF has also been discussed. These designs, including phase with amplitude, phase with polarization and even all of the three properties, can greatly improve the performances of metasurfaces for output light and realize some novel phenomena, such as the generation of arbitrary diffraction patterns and arbitrary vectorial holographic images. To achieve such complex modulation, more than one geometric parameter should be considered in the design of unit cells, like both the size and orientation angle of nanoantennas. In addition, various input DOF can be utilized to design multifunctional meta-devices that are also called multiplexed metasurfaces. For different illumination conditions, including working wavelengths, polarization states and angles of incidence, different resonant modes can be excited to modulate the phase of output light independently, enabling us to realize the full-color holograms, spin-controlled wavefront shaping and planar metasurfaces retroreectors. Bias voltage control, phase change materials and mechanical deformation are the other kinds of input DOF, introducing more variables to the system and generating dynamic metasurfaces. Then by combining multiple input and output DOF together, the application domain of multi-dimensional metasurfaces could be dramatically extended, which makes it very promising for the next generation of multi-functional and compact optics.
Because of the progressively increased complexity of multidimensional metasurfaces, so far only a small handful examples have been successfully demonstrated. The most difficult part is how to nd the relationship between the design of unit cell with every possible DOF and the desired properties or functionalities. In this case, articial intelligence, including machine learning and deep learning, 178,179 may provide a new and exciting direction in the design and optimization process of complex metasurfaces, especially when the number of DOF becomes very large. The machine learning and deep learning models could search the enormous parameter space in a highly efficient way, as demonstrated recently in the inverse design of nanostructures, 180,181 chiral metamaterials, 182 topological photonics 183, 184 and even nanophotonic circuits. 185 For instance, in the work for the on-demand design of chiral metamaterials, 182 the deep learning model, composed of two bidirectional neural networks, is trained by given examples at the beginning. Aer that, it can automatically predict the circular dichroism of complicated three-dimensional metamaterials and even retrieve the geometric parameters from the spectral requirements. Compared with the traditional design method based on time-consuming, case-by-case numerical simulations, this data-driven approach shows great advantages in designing complicated meta-systems with high efficiency, generality and delity.
Combining all the input and output DOF together, dynamic multi-functional metasurfaces could generate an arbitrary light eld under arbitrary illumination conditions, meaning any kind of optical devices can be created in real time. This is arguably the nal goal of metasurface development, from the basic research to the practical applications. On the other hand, the dynamic modulation introduces time, a new DOF, to realize an active and even reprogrammable meta-device. [186] [187] [188] It has been reported that frequency conversion and phase manipulation 187 can also be realized within a well-designed time-variant system, but not relying on the change of geometric parameters as in normal space-encoded metasurfaces. However, up to date, most dynamic metasurfaces only focus on the state transition from "On" to "Off", in which the depth, shape and frequency of timemodulation are all ignored. Very recently, the idea of spacetime-coding digital metasurfaces has been proposed 188 to realize simultaneous manipulations of electromagnetic waves in both space and frequency domains. However, the dynamic condition is controlled by a bias voltage in positive-intrinsicnegative diodes, which limits the working region to microwave and longer wavelengths. When new dynamic methods are introduced to realize an arbitrary time-modulation in the infrared and visible regime, metasurfaces would impact the display techniques especially for virtual reality and augmented reality.
Finally, more interesting physical systems, such as paritytime symmetry, [189] [190] [191] Smith-Purcell emission, [192] [193] [194] [195] 2D materials [196] [197] [198] and topology, [199] [200] [201] could be introduced as a new DOF. For these research areas, metasurfaces provide an unprecedented opportunity to tailor their inner properties. For example, the polarization state of the Smith-Purcell emission could be well controlled by a metasurface composed of C-apertures, 192 which is rather challenging to realize in traditional grating structures. On the other hand, these unique systems also provide new platforms for multi-dimensional metasurfaces to show their versatility. When integrated together, some new topics like polarization-multiplexed parity-time symmetry, voltage-controlled Smith-Purcell emission or dynamic topological photonics could emerge, which would inspire researchers with different backgrounds to explore more exciting possibilities provided by metasurfaces in the future.
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